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SCHELLEKENS’ LIST AND THE VERY STRANGE FORMULA
JETHRO VAN EKERENa, CHING HUNG LAMb,
SVEN MÖLLERc AND HIROKI SHIMAKURAd
Abstract. In [Sch93] (see also [EMS20a]) Schellekens proved that the weight-
one space V1 of a strongly rational, holomorphic vertex operator algebra V of
central charge 24 must be one of 71 Lie algebras. During the following three
decades, in a combined effort by many authors, it was proved that each of these
Lie algebras is realised by such a vertex operator algebra and that, except for
V1 = {0}, this vertex operator algebra is uniquely determined by V1. Uniform
proofs of these statements are given in [MS19, HM20].
In this paper we give a fundamentally different, simpler proof of Schellekens’
list of 71 Lie algebras. Using the dimension formula in [MS19] and Kac’s “very
strange formula” [Kac90] we show that every strongly rational, holomorphic
vertex operator algebra V of central charge 24 with V1 6= {0} can be obtained
by an orbifold construction from the Leech lattice vertex operator algebra VΛ.
This suffices to restrict the possible Lie algebras that can occur as weight-one
space of V to the 71 of Schellekens.
Moreover, the fact that each strongly rational, holomorphic vertex oper-
ator algebra V of central charge 24 comes from the Leech lattice Λ can be
used to classify these vertex operator algebras by studying properties of the
Leech lattice. We demonstrate this for 43 of the 70 non-zero Lie algebras on
Schellekens’ list, omitting those cases that are too computationally expensive.
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1. Introduction
The weight-one subspace V1 of a strongly rational, holomorphic vertex opera-
tor algebra V of central charge 24 is a finite-dimensional, reductive Lie algebra
[DM04b]. More precisely, V1 is either zero, 24-dimensional abelian or semisimple
g1 ⊕ . . . ⊕ gr of rank at most 24 [DM04a]. In 1993 Schellekens [Sch93] (see also
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[EMS20a]) showed that there are at most 71 possibilities for this Lie algebra by
exploiting the modular invariance of the character of V (see Table 2).
By the works of many authors over three decades the following is now proved:
Theorem. Each potential Lie algebra on Schellekens’ list is realised by a strongly
rational, holomorphic vertex operator algebra of central charge 24 and this vertex
operator algebra is uniquely determined by its V1-structure if V1 6= {0}.
In addition, uniform existence and uniqueness proofs are given in [Höh17, MS19]
(and [HM20]).
Schellekens’ work is based on decomposing the vertex operator algebra V into
irreducible modules for the affine vertex operator algebra 〈V1〉 ∼= Lgˆ1(k1, 0)⊗ . . .⊗
Lgˆr (kr, 0) generated by V1 (with levels ki ∈ Z>0, see [DM06]), assuming V1 to be
semisimple, and deriving a set of trace identities (cf. Theorem 6.1 in [EMS20a]) by
viewing the character of V as a Jacobi form. The lowest trace identity is
(1) h
∨
i
ki
= dim(V1)− 2424
for all i = 1, . . . , r where h∨i is the dual Coxeter number of gi (see also [DM04a]).
This equation has exactly 221 solutions, listed in Table 3. The higher trace identities
translate to a system of linear equations on the multiplicities appearing in the
decomposition of V into 〈V1〉-modules. By excluding those Lie algebras for V1 whose
corresponding system has no solutions in the non-negative integers one essentially
arrives at Schellekens’ list of 71 possible Lie algebras for V1. This approach relies
heavily on solving linear programming problems on the computer.
The main goal of this paper is to provide a novel, simpler proof of Schellekens’
list by showing that each strongly rational, holomorphic vertex operator algebra
V of central charge 24 with V1 6= {0} can be obtained as orbifold construction
V ∼= V orb(g)Λ associated with the Leech lattice vertex operator algebra VΛ (itself one
of these vertex operator algebras) and some finite-order automorphism g ∈ Aut(VΛ).
The orbifold construction [EMS20a, Möl16] is an important method to construct
vertex operator algebras. Let V be a strongly rational, holomorphic vertex operator
algebra and g an automorphism of V of finite order n and type 0. Then the
fixed-point vertex operator subalgebra V g is strongly rational [Miy15, CM16] and
has exactly n2 non-isomorphic irreducible modules, which can be realised as the
eigenspaces of g acting on the irreducible twisted modules V (gj) of V . If the twisted
modules V (gj) have positive conformal weight for j 6= 0 (mod n), then the sum
V orb(g) := ⊕j∈ZnV (gj)g is again a strongly rational, holomorphic vertex operator
algebra.
Our approach is motivated by the classification of positive-definite, even, uni-
modular lattices, which bears similarities to the classification of strongly rational,
holomorphic vertex operator algebras. In 1973 Niemeier classified the positive-
definite, even, unimodular lattices of rank 24 [Nie73] (see also [Ven80, CS99]). He
proved that up to isomorphism there are exactly 24 such lattices and that the iso-
morphism class is uniquely determined by the root system. The Leech lattice Λ is
the unique one amongst these lattices without roots.
Conway, Parker and Sloane showed that there is a natural bijection, mediated
by the “holy construction”, between the 23 classes of deep holes of the Leech lattice
Λ, i.e. points in Λ ⊗Z R which have maximal distance to Λ, and the 23 Niemeier
lattices different from the Leech lattice [CPS82, CS82] (see also [Bor85]). Let d be
a deep hole corresponding to the Niemeier lattice N and let n denote the order of
d + Λ ∈ (Λ ⊗Z R)/Λ. Then Λd := {α ∈ Λ | 〈α, d〉 ∈ Z} is an index-n sublattice of
Λ and of the lattice spanZ{Λd, d} generated by d and Λd, which is isomorphic to
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the Niemeier lattice N . Note that n equals the (dual) Coxeter number h of (any
irreducible component of) the root system of N .
For the inverse construction, given the Niemeier lattice N , let u :=
∑r
i=1 ρi/h
where the ρi denote the Weyl vectors, i.e. the sums of the fundamental weights or
the half sums of the positive roots, of the irreducible components of the root system
of N . Then Nu is an index-h sublattice of N that isomorphic to Λd where d is the
corresponding deep hole.
In [MS19] the deep-hole construction of the Niemeier lattices was generalised to
strongly rational, holomorphic vertex operator algebras V of central charge 24. For
each of the 71 Lie algebras g on Schellekens’ list there is a generalised deep hole,
a certain automorphism of the Leech lattice vertex operator algebra VΛ, such that
(V orb(g)Λ )1 ∼= g. This provides a uniform proof of the existence part of the above
theorem.
Complementarily, in this paper we lift the inverse construction to the level of
vertex operator algebras (generalising [LS20]). First, combining the dimension
formula in [MS19] with the “very strange formula” in [Kac90] we prove:
Theorem (Theorem 3.3). Let V be a strongly rational, holomorphic vertex oper-
ator algebra of central charge 24 whose weight-one Lie algebra V1 =
⊕r
i=1 gi is
semisimple with Cartan subalgebra h and g 6= id an automorphism of V of order n
such that g|V1 is inner and characterised by δ =
∑r
i=1 δi ∈ h∗. Assume further-
more that g is of type 0, that V g satisfies the positivity condition and that g|V1 is
quasirational. Then
dim(V orb(g)1 ) ≤ 24 + 12n
r∑
i=1
h∨i
∣∣∣∣δi − ρih∨i
∣∣∣∣2
with Weyl vectors ρi and dual Coxeter numbers h∨i .
Then, given a strongly rational, holomorphic vertex operator algebra V of central
charge 24 with semisimple weight-one Lie algebra V1 =
⊕r
i=1 gi, we define the inner
automorphism σu = e(2pii)u0 ∈ Aut(V ) with u =
∑r
i=1 ρi/h
∨
i . Using equation (1)
one can show that this automorphism has type 0 so that the orbifold construction
exists and the above formula shows that dim(V orb(σu)1 ) ≤ 24, which implies that
V orb(σu) ∼= VΛ by [DM06, DM04b]. The inverse orbifold construction [EMS20a,
LS19] implies:
Theorem (Theorem 4.7). Let V be a strongly rational, holomorphic vertex operator
algebra of central charge 24 with V1 6= {0}. Then V is isomorphic to V orb(g)Λ for
some automorphism g ∈ Aut(VΛ).
More precisely, the automorphism g may be taken to be a generalised deep hole
as introduced in [MS19]. As an application we reprove Schellekens’ list, only using
equation (1) but none of the higher trace identities.
Theorem (Theorem 6.3). Let V be a strongly rational, holomorphic vertex operator
algebra of central charge 24 with V1 6= {0}. Then V1 is isomorphic to one of the 70
non-zero Lie algebras in Table 1 of [Sch93].
This novel proof is much simpler than the original proof [Sch93, EMS20a] and
for the most part does not rely on computer calculations.
Finally, we can also use the result that each strongly rational, holomorphic vertex
operator algebra V of central charge 24 with V1 6= {0} comes from the Leech lattice
Λ to prove the uniqueness of such a vertex operator algebra for a given semisimple
Lie algebra V1. One merely has to classify generalised deep holes in Aut(VΛ).
We demonstrate this for 43 of the 70 non-zero Lie algebras on Schellekens’ list
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(see Theorem 7.1). For Lie algebras V1 of larger rank this method encounters
computational limitations.
Outline. In Section 2 we recall some results on the classification of strongly ratio-
nal, holomorphic vertex operator algebras of central charge 24.
In Section 3 we review the cyclic orbifold construction. Then we combine the
dimension formula in [MS19] with Kac’s “very strange formula” to derive the di-
mension formula in Theorem 3.3.
In Section 4 we use Theorem 3.3 and equation (1) to prove that any strongly
rational, holomorphic vertex operator algebra V of central charge 24 with V1 6= {0}
can be obtained from the Leech lattice vertex operator algebra VΛ by a cyclic
orbifold construction (see Theorem 4.7).
In Section 5 we review the automorphism group of the Leech lattice vertex
operator algebra VΛ and state a classification of the conjugacy classes.
In Section 6 we use Theorem 4.7 and the results in Section 5 to give a simple
proof of Schellekens’ list of 71 Lie algebras that can occur as the weight-one space
of a strongly rational, holomorphic vertex operator algebra of central charge 24 (see
Theorem 6.3).
Finally, in Section 7 we prove the uniqueness of a strongly rational, holomorphic
vertex operator algebra of central charge 24 with a given weight-one space for 43
of the 70 non-zero Lie algebras on Schellekens’ list by classifying generalised deep
holes in Aut(VΛ) (see Theorem 7.1).
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2. Holomorphic Vertex Operator Algebras of Central Charge 24
In this section we review some results on strongly rational, holomorphic vertex
operator algebras of central charge 24.
A vertex operator algebra V is called strongly rational if it is rational (as defined,
e.g., in [DLM97]), C2-cofinite (or lisse), self-contragredient (or self-dual) and of
CFT-type. Then V is also simple. Moreover, a rational vertex operator algebra V
is said to be holomorphic if V itself is the only irreducible V -module. The central
charge of a strongly rational, holomorphic vertex operator algebra V is necessarily in
8Z≥0, a simple consequence of Zhu’s modular invariance result [Zhu96]. Examples
of strongly rational vertex operator algebras are those associated with positive-
definite, even lattices. If the lattice is unimodular, then the associated vertex
operator algebra is holomorphic.
Let V =
⊕∞
n=0 Vn be a vertex operator algebra of CFT-type. Then the zero
modes
[a, b] := a0b
for a, b ∈ V1 equip V1 with the structure of a Lie algebra. If V is also self-
contragredient, then there exists a non-degenerate, invariant bilinear form 〈·, ·〉
on V , which is unique up to a non-zero scalar and symmetric [FHL93, Li94]. We
normalise the form such that 〈1,1〉 = −1, where 1 is the vacuum vector of V . Then
a1b = b1a = 〈a, b〉1 for all for a, b ∈ V1.
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If g ∈ Aut(V ) is an automorphism of the vertex operator algebra V , fixing the
vacuum vector 1 ∈ V0 and the Virasoro vector ω ∈ V2 by definition, then the
restriction of g to V1 is a Lie algebra automorphism.
Let g be a simple, finite-dimensional Lie algebra with invariant bilinear form
(·, ·), normalised such that (α, α) = 2 for any long root α. The affine Kac-Moody
algebra gˆ associated with g is the Lie algebra gˆ := g⊗ C[t, t−1]⊕ CK with central
element K and Lie bracket
[a⊗ tm, b⊗ tn] := [a, b]⊗ tm+n +m(a, b)δm+n,0K
for a, b ∈ g, m,n ∈ Z.
A representation of gˆ is said to have level k ∈ C if K acts as k id. For a dominant
integral weight λ ∈ P+ and k ∈ C let Lgˆ(k, λ) be the irreducible gˆ-module of level k
obtained by inducing the irreducible highest-weight g-module Lg(λ) up in a certain
way to a gˆ-module and taking its irreducible quotient (see, e.g., [Kac90]).
For k ∈ Z>0, Lgˆ(k, 0) admits the structure of a rational vertex operator algebra
whose irreducible modules are given by the Lgˆ(k, λ) for λ ∈ P k+, the subset of the
dominant integral weights P+ of level at most k [FZ92]. The conformal weight
of the affine vertex operator algebra Lgˆ(k, λ) is ρ(Lgˆ(k, λ)) = (λ+2ρ,λ)2(k+h∨) with Weyl
vector ρ and dual Coxeter number h∨ (see [Kac90], Corollary 12.8).
For a self-contragredient vertex operator algebra V of CFT-type the commutator
formula implies that the modes satisfy
[am, bn] = (a0b)m+n +m(a1b)m+n−1 = [a, b]m+n +m〈a, b〉δm+n,0 idV
for all a, b ∈ V1, m,n ∈ Z. Comparing this with the definition above we see that for
a simple Lie subalgebra g of V1 the map a⊗ tn 7→ an for a ∈ g and n ∈ Z defines a
representation of gˆ on V of some level kg ∈ C with 〈·, ·〉|g = kg(·, ·).
Suppose that V is strongly rational. Then it is shown in [DM04b] that the Lie
algebra V1 is reductive, i.e. a direct sum of a semisimple and an abelian Lie algebra.
Moreover, Theorem 3.1 in [DM06] states that for a simple Lie subalgebra g of V1
the restriction of 〈·, ·〉 to g is non-degenerate, the level kg is a positive integer, the
vertex operator subalgebra of V generated by g is isomorphic to Lgˆ(kg, 0) and V is
an integrable gˆ-module.
Assume in addition that V is holomorphic and of central charge 24. Then the
Lie algebra V1 is zero, abelian of dimension 24 or semisimple of rank at most 24
[DM04a]. If the Lie algebra V1 is semisimple, then it decomposes into a direct sum
V1 ∼= g1 ⊕ . . .⊕ gr
of simple ideals gi and the vertex operator subalgebra 〈V1〉 of V generated by V1 is
isomorphic to the tensor product of affine vertex operator algebras
〈V1〉 ∼= Lgˆ1(k1, 0)⊗ . . .⊗ Lgˆr (kr, 0)
with levels ki := kgi ∈ Z>0 and has the same Virasoro vector as V . The decomposi-
tion of the vertex operator algebra 〈V1〉 is called the affine structure of V , denoted
by
g1,k1 . . . gr,kr
with ki sometimes omitted if it equals 1.
Since 〈V1〉 ∼= Lgˆ1(k1, 0)⊗. . .⊗Lgˆr (kr, 0) is rational, V decomposes into the direct
sum of finitely many irreducible 〈V1〉-modules
V ∼=
⊕
λ
mλLgˆ1(k1, λ1)⊗ . . .⊗ Lgˆr (kr, λr)
withmλ ∈ Z≥0 and the sum runs over finitely many λ = λ1+. . .+λr with dominant
integral weights λi ∈ P ki+ (gi), i.e. of level at most ki.
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Let h∨i denote the dual Coxeter number of gi. The modular invariance of the
character of V implies that the ratio h∨i /ki is independent of gi. More precisely,
(1) h
∨
i
ki
= dim(V1)− 2424
for all i = 1, . . . , r, which follows from the lowest trace identity in [Sch93] (see also
[DM04a]). This equation is the only result from [Sch93] that we shall use in this
work in order to reprove Schellekens’ list. Note that equation (1) also implies that
the Lie algebra V1 uniquely determines the affine structure, i.e. the levels ki.
Together with the crude inequality (h∨i )2 < 4 dim(gi) and ki ≥ 1 equation (1)
implies that dim(V1) is bounded from above, which proves that there are only
finitely many affine structures satisfying equation (1). It is then easy to produce a
list of the exactly 221 solutions of this equation (see Table 3).
Schellekens then narrowed down this list to 69 possible affine structures (or Lie
algebras V1) by solving large integer linear programming problems on the computer
that follow from higher trace identities (explicitly written down in [EMS20a], The-
orem 6.1). Together with the zero Lie algebra and the 24-dimensional abelian Lie
algebra this gives Schellekens’ list of 71 Lie algebras (see Table 2) that occur as
the weight-one space of a strongly rational, holomorphic vertex operator algebra of
central charge 24 [Sch93].
In Section 6 we present an alternative approach to proving this result by using
the lowest trace identity (1), the dimension formula from [MS19] and Kac’s “very
strange formula”.
3. Dimension Formula and “Very Strange Formula”
In this section we recall the cyclic orbifold construction. Then we state the
dimension formula for central charge 24 from [MS19] and combine it with Kac’s
“very strange formula” to obtain the first main result of this text.
3.1. Orbifold Construction. The cyclic orbifold construction [EMS20a, Möl16]
is an important tool that allows to construct new vertex operator algebras from
known ones.
Let V be a strongly rational, holomorphic vertex operator algebra and G = 〈g〉
a finite, cyclic group of automorphisms of V of order n ∈ Z>0.
By [DLM00] there is an up to isomorphism unique irreducible gi-twisted V -
module V (gi) for each i ∈ Zn. The uniqueness of V (gi) implies that there is a
representation φi : G→ AutC(V (gi)) of G on the vector space V (gi) such that
φi(g)YV (gi)(v, x)φi(g)−1 = YV (gi)(gv, x)
for all i ∈ Zn, v ∈ V . This representation is unique up to an n-th root of unity.
Denote the eigenspace of φi(g) in V (gi) corresponding to the eigenvalue e(2pii)j/n
by W (i,j). On V (g0) = V we choose φ0(g) = g.
By [DM97] and recent results in [Miy15, CM16] the fixed-point vertex operator
subalgebra V g = W (0,0) is again strongly rational. It has exactly n2 irreducible
modules, namely the W (i,j), i, j ∈ Zn [MT04]. One can further show that the
conformal weight ρ(V (g)) of V (g) is in (1/n2)Z, and we define the type t ∈ Zn of
g by t = n2ρ(V (g)) (mod n).
Assume for simplicity that g has type 0, i.e. that ρ(V (g)) ∈ (1/n)Z. Then it is
possible to choose the representations φi such that the conformal weights satisfy
ρ(W (i,j)) ∈ ij
n
+ Z
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and V g has fusion rules
W (i,j) W (l,k) ∼= W (i+l,j+k)
for all i, j, k, l ∈ Zn (see [EMS20a], Section 5), i.e. the fusion ring of V g is the group
ring C[Zn × Zn]. In particular, all irreducible V g-modules are simple currents.
In essence, the results in [EMS20a] show that for cyclic G ∼= Zn and strongly
rational, holomorphic V the module category of V G is the twisted group double
Dω(G) where the 3-cocycle [ω] ∈ H3(G,C×) ∼= Zn is determined by the type
t ∈ Zn. This proves a conjecture by Kirillov [Kir02] who stated it for arbitrary
finite G and proved it when [ω] is trivial.
In general, a simple vertex operator algebra V is said to satisfy the positivity
condition if the conformal weight ρ(W ) > 0 for any irreducible V -module W 6∼= V
and ρ(V ) = 0.
Now, if V g satisfies the positivity condition (it is shown in [Möl18] that this
condition is almost automatically satisfied if V is strongly rational), then the direct
sum of V g-modules
V orb(g) :=
⊕
i∈Zn
W (i,0)
admits the structure of a strongly rational, holomorphic vertex operator algebra
of the same central charge as V and is called orbifold construction associated with
V and g [EMS20a]. Note that
⊕
j∈ZnW
(0,j) gives back the old vertex operator
algebra V .
We briefly describe the inverse (or reverse) orbifold construction [EMS20a, LS19].
Suppose that the strongly rational, holomorphic vertex operator algebra V orb(g) is
obtained in an orbifold construction as described above. Then via ζv := e(2pii)i/nv
for v ∈W (i,0) we define an automorphism ζ of V orb(g) of order n, and the unique ir-
reducible ζj-twisted V orb(g)-module is given by V orb(g)(ζj) =
⊕
i∈ZnW
(i,j), j ∈ Zn.
Then
(V orb(g))orb(ζ) =
⊕
j∈Zn
W (0,j) = V,
i.e. orbifolding with ζ is inverse to orbifolding with g.
3.2. Dimension Formula and “Very Strange Formula”. A dimension formula
for the weight-one space V orb(g)1 in the case of central charge 24 was derived in
[MS19] by pairing the vector-valued character of V g with a vector-valued Eisenstein
series of weight 2. It implies the following dimension bound:
Proposition 3.1 (Dimension Formula, [MS19], Corollary 4.9). Let V be a strongly
rational, holomorphic vertex operator algebra of central charge 24 and g 6= id an
automorphism of V of finite order n and type 0 such that V g satisfies the positivity
condition. Then
dim(V orb(g)1 ) ≤ 24 +
∑
d|n
cn(d) dim(V g
d
1 )
with the cn(d) ∈ Q determined by
∑
d|n(t, d)cn(d) = n/t for all t | n.
This generalises earlier results for n = 2, 3 in [Mon94] (see also [LS19]), for
n = 2, 3, 5, 7, 13 in [Möl16] and for all n such that the modular curve Γ0(n)\H∗ has
genus zero in [EMS20b]. An automorphism g such that dim(V orb(g)1 ) attains this
upper bound is called extremal.
We note that the upper bound from the dimension formula depends only on the
weight-one Lie algebra V1 and the action of the automorphism g ∈ Aut(V ) on it.
In the following we combine this upper bound with Kac’s “very strange formula”
to cast the dimension formula in a more Lie theoretic form.
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For simplicity, we only state Kac’s “very strange formula” in the special case of
inner automorphisms but the following arguments work equally well in the general
case. Recall from Kac’s classification of finite-order automorphisms of simple Lie
algebras (see [Kac90], Chapter 8) that an inner automorphism g of a simple Lie
algebra g of type Xl is characterised by a sequence of non-negative, relatively prime
integers s0, . . . , sl associated with the nodes of the untwisted affine Dynkin diagram
X
(1)
l satisfying
∑l
i=0 aisi = m with Kac labels ai. Equivalently, g is characterised
by the vector δ in the dual Cartan subalgebra h∗ of g defined by (αi, δ) = si/m for
all simple roots αi of g. Identifying the Cartan subalgebra h with its dual h∗ via
(·, ·) we may view δ ∈ h and then g is conjugate to ead(2pii)δ .
Recall that the Weyl vector ρ ∈ h∗ is the sum of the fundamental weights or the
half sum of the positive roots of g and that h∨ denotes the dual Coxeter number.
Proposition 3.2 (“Very Strange Formula”, formula (12.3.6) in [Kac90]). Let g be
a finite-dimensional, simple Lie algebra with Cartan subalgebra h and g an inner
automorphism of g of order m ∈ Z>0 characterised by δ ∈ h∗ as described above.
Then
dim(g)
24 −
1
4m2
m−1∑
j=1
j(m− j) dim(g(j)) = h
∨
2
∣∣∣δ − ρ
h∨
∣∣∣2
where g(j) is the eigenspace g(j) = {x ∈ g |σx = e(2pii)j/nx}, j = 0, . . . ,m− 1.
Note that the squared norm on the right-hand side is formed with respect to
bilinear form on h∗ induced by (·, ·).
An automorphism g of g of order m is called quasirational (see [Kac90], Sec-
tion 8.8) if the corresponding eigenspaces satisfy dim(g(i)) = dim(g(j)) whenever
(i,m) = (j,m) or equivalently if the characteristic polynomial of g has rational
coefficients. This means that the characteristic polynomial of g can be written as∏
t|m(xt − 1)bt for some bt ∈ Z (see, e.g., Exercise 13.7 in [Kac90]). In this case we
say g has cycle shape
∏
t|m t
bt and it is not difficult to see that the left-hand side
of Kac’s “very strange formula” may be rewritten as
dim(g)
24 −
1
4m2
m−1∑
j=1
j(m− j) dim(g(j)) = 124
∑
t|m
bt
t
.
We are now in a position to prove the first main result of this text:
Theorem 3.3. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 whose weight-one Lie algebra V1 =
⊕r
i=1 gi is semisimple with
Cartan subalgebra h and g 6= id an automorphism of V of order n such that g|V1
is inner and characterised by δ =
∑r
i=1 δi ∈ h∗. Assume furthermore that g is of
type 0, that V g satisfies the positivity condition and that g|V1 is quasirational. Then
dim(V orb(g)1 ) ≤ 24 + 12n
r∑
i=1
h∨i
∣∣∣∣δi − ρih∨i
∣∣∣∣2
with Weyl vectors ρi and dual Coxeter numbers h∨i .
Proof. Since g|V1 is quasirational (and of some order m | n), Kac’s “very strange
formula”, generalised to the semisimple Lie algebra V1, becomes
1
24
∑
t|m
bt
t
=
r∑
i=1
h∨i
2
∣∣∣∣δi − ρih∨i
∣∣∣∣2
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where
∏
t|m t
bt is the cycle shape of g|V1 . Also note that
dim(V g
d
1 ) =
∑
t|m
bt(t, d)
for any d ∈ Z. The dimension formula then yields
dim(V orb(g)1 ) ≤ 24 +
∑
d|n
cn(d) dim(V g
d
1 ) = 24 +
∑
d|n
cn(d)
∑
t|m
bt(t, d)
= 24 +
∑
t|m
bt
∑
d|n
cn(d)(t, d) = 24 + n
∑
t|m
bt
t
= 24 + 12n
r∑
i=1
h∨i
∣∣∣∣δi − ρih∨i
∣∣∣∣2
where we used the defining relations of the cn(d). 
4. The Neighbours of the Leech Lattice Vertex Operator Algebra
In this section, given a strongly rational, holomorphic vertex operator algebra
V of central charge 24 with V1 =
⊕r
i=1 gi semisimple, we define a certain inner
automorphism σu ∈ Aut(V ) and show using Theorem 3.3 and equation (1) that the
corresponding orbifold construction V orb(σu) is isomorphic to the Leech lattice ver-
tex operator algebra VΛ. By the inverse orbifold construction this then proves that
every strongly rational, holomorphic vertex operator algebra V of central charge 24
with V1 6= {0} can be obtained by an orbifold construction from the Leech lattice
vertex operator algebra VΛ.
The upper bound in Theorem 3.3 suggests a canonical choice for the automor-
phism σu ∈ Aut(V ), namely
σu = e(2pii)u0 with u :=
r∑
i=1
ρi/h
∨
i
with Weyl vectors ρi and dual Coxeter numbers h∨i , where we view u in the Cartan
subalgebra h of V1 by means the identification of h with h∗ via the invariant bilinear
form (·, ·), which we normalised on each simple ideal gi such that long roots have
norm 2.
First, we study some properties of this automorphism. We denote by li ∈ {1, 2, 3}
the lacing number of gi.
Proposition 4.1. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 with V1 =
⊕r
i=1 gi semisimple. Then the inner automorphism
σu = e(2pii)u0 with u =
∑r
i=1 ρi/h
∨
i has order n = lcm({lih∨i }ri=1) (as does the
restriction σu|V1 to V1) and type 0, and σu|V1 is quasirational.
Proof. First, we describe the Lie algebra automorphism σu|V1 = ead(2pii)u in the lan-
guage of [Kac90], Chapter 8. Since the Weyl vector ρi is the sum of the fundamental
weights (dual to the simple coroots) of gi, it is easy to determine the sequence of
integers s0, . . . , sl (or equivalently the vector δi in the dual Cartan subalgebra h∗i
of gi) characterising the action of σu|gi = e
ad(2pii)ρi/h∨i on the simple roots of gi. In-
deed, if gi is simply-laced, i.e. of type Al, Dl or El, then σu|gi has type (1, . . . , 1; 1)
(and this is the up to conjugation unique minimal-order regular automorphism of
gi, see Exercise 8.11 in [Kac90]). For types Bl, Cl, F4 or G2 the automorphism σu|gi
has type (2, . . . , 2, 1; 1), (2, 1, . . . , 1, 2; 1), (2, 2, 2, 1, 1; 1) or (3, 3, 1; 1), respectively.
Not surprisingly, this shows that δi = ρi/h∨i .
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The quasirationality of σu|V1 now follows from the quasirationality on each simple
ideal gi. If gi is simply-laced, this is Exercise 8.12 in [Kac90]. For the non simply-
laced cases, it is not difficult to show that an automorphism of the above-mentioned
types is quasirational.
The order of σu|gi is lih∨i with dual Coxeter number h∨i and lacing number li so
that the Lie algebra automorphism σu|V1 has order n = lcm({lih∨i }ri=1).
In principle, the order of σu on the vertex operator algebra V is a multiple of n. In
the following we show that in fact |σu| = n = lcm({lih∨i }ri=1). Recall that V decom-
poses into a direct sum of irreducible 〈V1〉-modules V ∼=
⊕
λmλ
⊗r
i=1 Lgˆ1(ki, λi)
where the sum runs over weights λ =
∑r
i=1 λi with dominant integral weights
λi ∈ P ki+ (gi). In order to prove that σu has order n, it suffices to show that
n(u, λ) ∈ Z for all weights λ appearing in this decomposition. (It is easy to see that
2n(u, λ) ∈ Z for any weight λ in the weight lattice P .)
The conformal weight of a module
⊗r
i=1 Lgˆi(ki, λi) (see Section 2) appearing in
the decomposition of V must be an integer, i.e.
r∑
i=1
(2ρi + λi, λi)
2(ki + h∨i )
= h
∨
i
2(h∨i + ki)
r∑
i=1
(
2(ρi/h∨i , λi) +
1
h∨i
(λi, λi)
)
= 12n(1 + ki/h∨i )
(
2n(u, λ) +
r∑
i=1
n
h∨i
(λi, λi)
)
∈ Z
where we used that h∨i /(h∨i + ki) is independent of i by equation (1). Then, since
n(1 + ki/h∨i ) ∈ Z, this implies that 2n(u, λ) +
∑r
i=1
n
h∨
i
(λi, λi) ∈ Z and, recalling
that 2n(u, λ) ∈ Z, we obtain
r∑
i=1
n
h∨i
(λi, λi) ∈ Z.
Now, for any irreducible Lie algebra g (with Cartan subalgebra h, root system
Φ ⊆ h∗, positive roots Φ+ ⊆ Φ and dual Coxeter number h∨) the identity∑
α∈Φ+
(α, y)2 = 12
∑
α∈Φ
(α, y)2 = h∨(y, y)
holds for all y ∈ h∗. For the simply-laced root systems this is Proposition 1.6 in
[Ebe13] and it is easy to verify the statement for the other cases.
Then, since the Weyl vector ρi = 12
∑
α∈Φ+
i
α is the half sum of positive roots,
(2n(u, λ))2 =
(
r∑
i=1
n
h∨i
(2ρi, λi)
)2
=
 r∑
i=1
∑
α∈Φ+
i
n
h∨i
(α, λi)
2
≡
r∑
i=1
∑
α∈Φ+
i
(
n
h∨i
)2
(α, λi)2 (mod 2)
=
r∑
i=1
(
n
h∨i
)2
h∨i (λi, λi) = n
r∑
i=1
n
h∨i
(λi, λi).
Note that nh∨
i
(α, λi) ∈ Z for any root α ∈ Φi.
If n is even, then n
∑r
i=1
n
h∨
i
(λi, λi) is also even and so is 2n(u, λ)2. Thus, 2n(u, λ)
is even and n(u, λ) is an integer. If n is odd, then all lacing numbers li and dual
Coxeter numbers h∨i are odd. This means that all irreducible components of V1 are
of type Al with l even. However, ρi is in the root lattice in this case. Therefore,
n(u, λ) ∈ Z for any λ in the weight lattice P .
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To prove that σu has type 0 we use the “strange formula” of Freudenthal–de Vries
|ρi|2/(2h∨i ) = dim(gi)/24 (see, e.g., equation (12.1.8) in [Kac90]), which is a special
case of the “very strange formula”, and equation (1). The L0-operator of the
twisted module V (σu) is shifted in comparison to V by −u0 + (1/2)〈u, u〉 id (see
[Li96], Section 5). Since σu has order n, u0 has eigenvalues in (1/n)Z, and hence
σu is of type 0 if and only if 〈u, u〉/2 ∈ (1/n)Z. We compute
1
2 〈u, u〉 =
r∑
i=1
〈ρi, ρi〉
2(h∨i )2
=
r∑
i=1
ki(ρi, ρi)
2(h∨i )2
=
r∑
i=1
ki dim(gi)
24h∨i
where we used the “strange formula” in the last step. With equation (1) this
becomes
1
2 〈u, u〉 =
r∑
i=1
dim(gi)
dim(V1)− 24 =
dim(V1)
dim(V1)− 24 =
h∨i + ki
h∨i
= li(h
∨
i + ki)
lih∨i
for all i = 1, . . . , r. Since ki ∈ Z by [DM06] and h∨i ∈ Z, this implies that 〈u, u〉/2 ∈
(1/n)Z. Hence σu is of type 0. 
The following result is probably known:
Lemma 4.2. Let V be a simple vertex operator algebra and U a full vertex operator
subalgebra of V that is simple and rational. If U satisfies the positivity condition,
then so does V .
Proof. By the rationality of U , every V -module decomposes into a direct sum of
irreducible U -modules. Because the conformal weights ρ(M) are non-negative for
all irreducible U -modules M , the same is true for all irreducible V -modules.
Now, let M be an irreducible V -module with ρ(M) = 0. Then, as U -module, M
contains U since U is rational and U is the only irreducible U -module with non-
positive conformal weight. The vacuum vector v := 1 ∈ U is a vacuum-like vector
of U when we view U as a U -module, i.e. L−1u = 0. Since U and V have the same
Virasoro vector by assumption, v is also a vacuum-like vector of the V -module M .
Then, by Proposition 3.4 in [Li94] there is a non-zero V -module homomorphism
from V to M and since both V and M are irreducible, V ∼= M as V -modules by
Schur’s lemma. Hence, V satisfies the positivity condition. 
Proposition 4.3. Let V be a strongly rational, holomorphic vertex operator al-
gebra of central charge 24 with V1 =
⊕r
i=1 gi semisimple and consider the inner
automorphism σu = e(2pii)u0 with u =
∑r
i=1 ρi/h
∨
i . Then the fixed-point vertex
operator subalgebra V σu satisfies the positivity condition.
Proof. V contains the full vertex operator subalgebra 〈V1〉 ∼=
⊗r
i=1 Lgˆi(ki, 0), which
in turn contains the full vertex operator subalgebra VQ⊗W where VQ is the lattice
vertex operator algebra associated with the lattice Q :=
⊕r
i=1
√
kiQ
l
i, Qli is the
lattice spanned by the long roots of gi normalised to have squared norm 2 (see, e.g.,
Corollary 5.7 in [DM06]) and W = Com〈V1〉(VQ) is the commutant (or centraliser)
of VQ in 〈V1〉. By definition, W ∼=
⊗r
i=1K(gi, ki) where K(gi, ki) denotes the
parafermion vertex operator algebra associated with gi at level ki.
Since σu = e(2pii)u0 is an inner automorphism associated with an element u in the
Cartan subalgebra of V1, the fixed-point vertex operator subalgebra V σu contains
the full vertex operator subalgebra VQu⊗W with lattice Qu = {α ∈ Q | 〈α, u〉 ∈ Z}.
It is well-known that lattice vertex operator algebras are rational and satisfy the
positivity condition. For parafermion vertex operator algebras this is shown in
[DR17] (using the rationality results in [CM16]). Therefore, VQu ⊗W satisfies the
positivity condition, and by Lemma 4.2 so does V σu . 
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Remark 4.4. We sketch another proof of Proposition 4.3, based on the geometry
of affine Weyl groups. Let g be a simple Lie algebra and λ a dominant integral
weight in P k+, k ∈ Z>0. We identify the Cartan subalgebra h with its dual h∗ via
the form (·, ·). For any non-zero vector in the integrable gˆ-module M = Lgˆ(k, λ),
homogeneous of weight µ ∈ h∗ and L0-eigenvalue ∆, the bound
∆ ≥ |µ|
2
2k +
(
(λ, λ+ 2ρ)
2(k + h∨) −
|λ|2
2k
)
must be satisfied, with equality only possible for µ ∈ λ + kQ∨ where Q∨ denotes
the coroot lattice. The weights of the twisted module M(σu), u = ρ/h∨, satisfy a
similar inequality with µ+ku in place of µ. The term in parentheses is non-negative
for all λ ∈ P k+, vanishing only if λ = kΛi where Λi is a fundamental weight with
Kac label ai = 1. (The Kac labels are the coefficients of the highest root θ in
terms of the simple roots αi of g.) It is well known that, modulo Q∨, this set of
fundamental weights forms a complete set of representatives of Q∗/Q∨ where Q∗ is
the dual of the root lattice [FKW92].
These remarks, together with the easy fact that the smallest positive integer p
for which pρ/h∨ ∈ Q∗ is p = lh∨, imply that V (σpu) has positive conformal weight
whenever 0 < p < lh∨ = |σu|. The same statement for semisimple g follows, and
thus too Proposition 4.3.
Having studied the properties of the automorphism σu we are now in a position
to prove:
Proposition 4.5. Let V be a strongly rational, holomorphic vertex operator al-
gebra of central charge 24 with V1 =
⊕r
i=1 gi semisimple and consider the inner
automorphism σu = e(2pii)u0 with u =
∑r
i=1 ρi/h
∨
i . Then the corresponding orbifold
construction V orb(σu) is isomorphic to the Leech lattice vertex operator algebra VΛ.
Note that σu is exactly the automorphism chosen in Section 2.3 of [LS20] if V1 is
simply-laced and reduces to the “holy construction” in [CS82] if V is one of the 23
vertex operator algebras associated with the Niemeier lattices other than the Leech
lattice Λ.
Proof. We checked in Proposition 4.1 and Proposition 4.3 that σu ∈ Aut(V ) admits
an orbifold construction and satisfies the assumptions of Theorem 3.3. It follows
from the definition of σu restricted to V1 (recall that we showed δi = ρi/h∨i ) that
dim(V orb(σu)1 ) ≤ 24.
On the other hand, dim(V orb(σu)1 ) ≥ dim(V σu1 ) > 0. Then equation (1) implies
that V orb(σu)1 cannot be semisimple so that V
orb(σu)
1 must be 24-dimensional abelian
[DM04a]. By Theorem 3 in [DM04b], V orb(σu) ∼= VΛ. 
With the inverse orbifold construction, Proposition 4.5 immediately implies that
every strongly rational, holomorphic vertex operator algebra V of central charge 24
with V1 semisimple can be obtained by an orbifold construction V ∼= V orb(g)Λ from
the Leech lattice vertex operator algebra VΛ. More precisely, the properties of the
inner automorphism σu imply that the inverse-orbifold automorphism g ∈ Aut(VΛ)
is a generalised deep hole. Generalised deep holes were introduced in [MS19] and
arise naturally as generalisations of the deep holes of the Leech lattice:
Definition 4.6 (Generalised Deep Hole, [MS19]). Let V be a strongly rational,
holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of finite
order n > 1. Suppose g has type 0 and V g satisfies the positivity condition. Then
g is called a generalised deep hole of V if
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(1) g is extremal, i.e. dim((V orb(g))1) attains the upper dimension bound in
Proposition 3.1,
(2) rk(V g1 ) = rk(V
orb(g)
1 ).
Note that both V g1 and V
orb(g)
1 are reductive by [DM04b]. By convention we also
call the identity a generalised deep hole so that the Leech lattice vertex operator
algebra VΛ = V orb(id)Λ may be included in the following theorem.
Theorem 4.7. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 with V1 6= {0}. Then V is isomorphic to V orb(g)Λ for some
generalised deep hole g in Aut(VΛ).
Proof. We may assume that V1 is semisimple. We showed in Proposition 4.5 that
V orb(σu) is isomorphic to the Leech lattice vertex operator algebra VΛ. Since the
upper bound of 24 in the dimension formula is attained, σu is extremal. We then
consider the inverse-orbifold automorphism g ∈ Aut(VΛ) with V orb(g)Λ ∼= V . In
particular, g is of type 0 and satisfies the positivity condition. Moreover, g is
extremal since σu is by Proposition 4.11 in [MS19] and rk((V gΛ )1) = rk(V
σu
1 ) =
rk(V1) = rk((V orb(g)Λ )1) since σu|V1 is inner. Hence, g is a generalised deep hole. 
We remark that Theorem 4.7 is similar to Theorem 5.6 in [MS19] with the crucial
difference that here we assume the existence of the vertex operator algebra V with
a certain weight-one Lie algebra g while in [MS19] the existence is proved for each
of the 71 Lie algebras on Schellekens’ list by explicitly specifying a generalised deep
hole in Aut(VΛ) such that (V orb(g)Λ )1 ∼= g.
5. Automorphisms of the Leech Lattice Vertex Operator Algebra
In this section we describe automorphisms of the Leech lattice vertex operator
algebra VΛ [Bor86, FLM88] and in particular their conjugacy classes, which were
classified in [MS19].
For any positive-definite, even lattice L (with bilinear form 〈·, ·〉 : L × L → Z)
the associated vertex operator algebra is given by
VL = M(1)⊗ Cε[L]
with the Heisenberg vertex operator algebra M(1) of rank rk(L) associated with
LC = L⊗ZC and the twisted group algebra Cε[L], the algebra with basis {eα |α ∈ L}
and product eαeβ = ε(α, β)eα+β for all α, β ∈ L where ε : L×L→ {±1} is a choice
of 2-cocycle satisfying ε(α, β)/ε(β, α) = (−1)〈α,β〉.
Let O(L) denote the orthogonal group (or automorphism group) of the lattice
L. For ν ∈ O(L) and a function η : L → {±1} the map φη(ν) acting on Cε[L] as
φη(ν)(eα) = η(α)eνα for α ∈ L and as ν on M(1) defines an automorphism of VL if
and only if
η(α)η(β)
η(α+ β) =
ε(α, β)
ε(να, νβ)
for all α, β ∈ L. In this case φη(ν) is called a lift of ν and all such automorphisms
form the subgroup O(Lˆ) of Aut(VL). There is a short exact sequence
1→ Hom(L, {±1})→ O(Lˆ)→ O(L)→ 1
with the surjection O(Lˆ)→ O(L) given by φη(ν) 7→ ν. The image of Hom(L, {±1})
in O(Lˆ) are exactly the lifts of id ∈ O(L). For later use let ν 7→ νˆ denote a fixed
section O(L)→ O(Lˆ).
If the restriction of η to the fixed-point lattice Lν is trivial, we call φη(ν) a
standard lift of ν. It is always possible to choose η in this way (see [Lep85], Sec-
tion 5). It was proved in [EMS20a], Proposition 7.1, that all standard lifts of a
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given ν ∈ O(L) are conjugate in Aut(VL). For convenience, let us assume that the
section O(L)→ O(Lˆ), ν 7→ νˆ only maps to standard lifts. This is not essential but
simplifies the presentation.
For any vertex operator algebra V of CFT-type K := 〈ev0 | v ∈ V1〉 defines
a subgroup of Aut(V ), called the inner automorphism group of V . By [DN99],
Theorem 2.1, the automorphism group of VL is of the form
Aut(VL) = O(Lˆ) ·K,
K is a normal subgroup of Aut(VL), Hom(L, {±1}) a subgroup of K ∩ O(Lˆ) and
Aut(VL)/K is isomorphic to some quotient group of O(L).
In the following we specialise to the Leech lattice Λ, the up to isomorphism
unique unimodular, positive-definite, even lattice of rank 24 without roots, i.e.
vectors of norm 2. The automorphism group O(Λ) is the Conway group Co0. Since
(VΛ)1 = {h(−1)⊗ e0 |h ∈ ΛC} ∼= ΛC, the inner automorphism group satisfies
K = {eh0 |h ∈ ΛC}
and is abelian. Moreover, Aut(VΛ)/K ∼= O(Λ), i.e. there is a short exact sequence
1→ K → Aut(VΛ)→ O(Λ)→ 1.
This is because K ∩O(Λˆ) = Hom(Λ, {±1}) in the special case of the Leech lattice.
By the above, every automorphism of VΛ is of the form
φη(ν)σh
for a lift φη(ν) of some ν ∈ O(Λ) and with σh := e−(2pii)h0 for some h ∈ ΛC. The
surjection Aut(VΛ)→ O(Λ) in the short exact sequence is given by φη(ν)σh 7→ ν.
It suffices to take φη(ν) = νˆ from the section O(Λ) → O(Λˆ) since any two
lifts only differ by a homomorphism Λ → {±1}, which can be absorbed into σh.
Moreover, since σh = id if and only if h ∈ Λ′ = Λ, it is enough to take h ∈ ΛC/Λ.
We now describe the conjugacy classes of Aut(VΛ). For ν ∈ O(Λ) let piν =
1
|ν|
∑|ν|−1
i=0 ν
i denote the projection of ΛC onto the elements of ΛC fixed by ν. By
Lemma 8.3 in [EMS20b] (see also Lemma 3.4 in [LS19]) the automorphism φη(ν)σh
is conjugate to φη(ν)σpiν(h) for any h ∈ ΛC and φη(ν) and σpiν(h) commute.
In [MS19] all automorphisms in Aut(VΛ) were classified up to conjugacy. A
similar result for arbitrary lattice vertex operator algebras is proved in [HM20].
Proposition 5.1 ([MS19], Proposition 2.2). Let N denote a set of representatives
for the conjugacy classes of O(Λ) ∼= Co0. For ν ∈ N let Hν denote a set of repre-
sentatives for the orbits of the action of the centraliser CO(Λ)(ν) on piν(ΛC)/piν(Λ).
Then (ν, h) 7→ νˆσh (with a fixed section O(Λ) → O(Λˆ), ν 7→ νˆ) defines a bijection
from the set Q := {(ν, h) | ν ∈ N,h ∈ Hν} to the conjugacy classes of Aut(VΛ).
We also describe the conjugacy classes in Aut(VΛ) of a given finite order n. First
note that a standard lift φη(ν) of ν has orderm := |ν| ifm is odd or ifm is even and
〈α, νm/2α〉 ∈ 2Z for all α ∈ Λ and order 2m otherwise. In the latter case we say that
ν exhibits order doubling. Then φη(ν)eα = (−1)m〈piν(α),piν(α)〉eα = (−1)〈α,νm/2α〉eα
for all α ∈ Λ. (Note that α 7→ m〈piν(α), piν(α)〉 + 2Z = 〈α, νm/2α〉 + 2Z defines a
homomorphism Λ→ Z2.)
Given a standard lift φη(ν) that exhibits order doubling there exists a vector
sν ∈ (1/2m)Λν defining an inner automorphism σsν = e−(2pii)(sν)0 of order 2m
such that φη(ν)σsν has order m. (If ν does not exhibit order-doubling, then we set
sν = 0.) Then the order of an automorphism φη(ν)σsν+f for f ∈ Λ ⊗Z Q is given
by lcm(m, k) where k is minimal in Z>0 such that kf is in Λ or equivalently in the
fixed-point lattice Λν .
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For convenience, we define the sν-shifted action of CO(Λ)(ν) on piν(ΛC) by
τ.f = τf + (τ − id)sν
for all τ ∈ CO(Λ)(ν) and f ∈ piν(ΛC). The following result is immediate:
Proposition 5.2. A complete system of representatives for the conjugacy classes
of automorphisms in Aut(VΛ) of order n ∈ Z>0 consists of the νˆσsν+f where
(1) ν is from the representatives in N ⊂ O(Λ) of order m dividing n,
(2) f is from the orbit representatives of the sν-shifted action of CO(Λ)(ν) on
(Λν/n)/piν(Λ)
such that lcm(m, |σf |) = n.
We conclude this section by recalling some results on the twisted modules of
lattice vertex operator algebras. For a standard lift φη(ν) the irreducible φη(ν)-
twisted modules of a lattice vertex operator algebra VL are described in [DL96,
BK04]. Together with the results in Section 5 of [Li96] this allows us to describe the
irreducible g-twisted VL-modules for all finite-order automorphisms g ∈ Aut(VL).
For simplicity, let L be unimodular. Then VL is holomorphic and there is a
unique irreducible g-twisted VL-module VL(g) for each g ∈ Aut(VL) of finite order.
Let g = φη(ν)σh for some standard lift φη(ν) and σh = e−(2pii)h0 for some h ∈
piν(L⊗Z Q). Then
VL(g) = M(1)[ν]⊗ ehC[piν(L)]⊗ Cd(ν)
with twisted Heisenberg module M(1)[ν], grading by the lattice coset h + piν(L)
and defect d(ν) ∈ Z>0.
Assume that ν has order m and cycle shape
∑
t|m t
bt with bt ∈ Z, i.e. the exten-
sion of ν to LC has characteristic polynomial
∏
t|m(xt − 1)bt . Then the conformal
weight of VL(g) is given by
ρ(VL(g)) =
1
24
∑
t|m
bt
(
t− 1
t
)
+ min
α∈h+piν(L)
〈α, α〉/2 ≥ 0,
where ρν := 124
∑
t|m bt
(
t− 1t
)
is called the vacuum anomaly of VL(g) [DL96]. Note
that ρν is positive for ν 6= id.
6. A New Proof of Schellekens’ List
In this section we give a simpler proof of Schellekens’ list of possible weight-one
Lie algebras of strongly rational, holomorphic vertex operator algebras of central
charge 24. The proof uses Theorem 4.7, namely that all strongly rational, holo-
morphic vertex operator algebras V of central charge 24 with non-zero weight-one
space V1 can be obtained as orbifold constructions from the Leech lattice vertex
operator algebra VΛ associated with generalised deep holes in Aut(VΛ).
First, based on this result, we derive a couple of simple identities that must be
satisfied by any such weight-one Lie algebra. For convenience we include equa-
tion (1), which was already used in the proof of Theorem 4.7.
Lemma 6.1. Let V be a strongly rational, holomorphic vertex operator algebra of
central charge 24 with V1 semisimple and affine structure g1,k1 . . . gr,kr . Then
(1) h∨i /ki = (dim(V1)− 24)/24
for all i = 1, . . . , r, and there exists ν ∈ O(Λ) such that
(2) rk(Λν) = rk(V1),
(3) |ν| ∣∣ lcm({lih∨i }ri=1),
(4) 1/(1− ρν) = lcm({liki}ri=1).
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Recall that ρν denotes the vacuum anomaly of ν and only depends on the cycle
shape of ν. Also recall the lacing numbers li and dual Coxeter numbers h∨i .
Proof. By Proposition 4.5 and Theorem 4.7 there must be a generalised deep hole
g ∈ Aut(VΛ) of order n = |σu| such that V orb(g)Λ ∼= V . As explained in Section 5,
g projects to an automorphism ν ∈ O(Λ) of order dividing n. The order n =
lcm({lih∨i }ri=1) of σu was determined in Proposition 4.1. This implies (6.1).
Since the Leech lattice Λ has no roots, (V gΛ )1 = {h(−1)⊗ e0 |h ∈ piν(ΛC)}, which
is an abelian Lie algebra of rank equal to dim(piν(ΛC)) = rk(Λν), the rank of the
fixed-point lattice. The rank condition in the definition of generalised deep hole
states that rk(V g1 ) = rk(V
orb(g)
1 ) so that (6.1) holds.
A generalised deep hole g is also extremal, i.e. the upper bound in the dimension
formula is attained. This bound simplifies for the Leech lattice vertex operator
algebra VΛ because (VΛ)1 is isomorphic to ΛC, on which g acts as ν. Suppose ν has
order m and cycle shape
∏
t|m t
bt . Then
dim((V orb(g)Λ )1)− 24 =
∑
d|n
cn(d) dim(V g
d
1 ) = n
∑
t|m
bt
t
= 24n(1− ρν)
with vacuum anomaly ρν . In the second step we used exactly the same argument
as in the proof of Theorem 3.3. With equation (1) this implies
h∨i
ki
= dim((V
orb(g)
Λ )1)− 24
24 = n(1− ρν)
for all i = 1, . . . , r, which entails item (6.1). 
It is straightforward to list all solutions, i.e. pairs of affine structures and auto-
morphisms of the Leech lattice Λ, to the equations in Lemma 6.1.
Proposition 6.2. There are exactly 82 pairs of affine structures and conjugacy
classes in O(Λ) satisfying the four equations in Lemma 6.1. These are the 69
semisimple cases on Schellekens’ list [Sch93], each with one of 11 conjugacy classes
in O(Λ) (see Table 2), plus the 13 spurious cases listed in Table 1.
ν ∈ O(Λ) ρν n Aff. Struct.
64 35/36 6 D4,36
46 15/16 4 A
2
3,16
8 C3,8A3,8
38 8/9
3 A42,9
6 D4,9A41,3
12 G42,3
2444 7/8 4 A
2
3,8A
2
1,4
8 C23,4A21,2
12223262 5/6 6 D4,6B22,3
212 3/4
4 A23,4A61,2
8 D5,4A3,2A41,1
8 C33,2A31,1
8 C23,2A23,2
Table 1. 13 spurious cases in Proposition 6.2.
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Note that there is no affine structure that appears in more than one pair.
Proof. The 221 affine structures satisfying equation (1) are listed in Table 3. The
167 conjugacy classes of O(Λ) = Co0 are well-known (see, e.g., [CCN+85]). It is now
a purely combinatorial problem to find the pairs consisting of an affine structure
g1,k1 . . . gr,kr and a conjugacy class ν ∈ O(Λ) satisfying items (6.1) to (6.1).
For example, since rk(V1) > 0, item (6.1) implies that ν has non-trivial fixed-
point lattice, leaving only 72 conjugacy classes in O(Λ), and item (6.1) implies that
ρν < 1, which further reduces the possible conjugacy classes to 50. Also, since
rk(Λν) is always even, which is a special property of the Leech lattice Λ, all affine
structures with rk(V1) odd are eliminated. Moreover, as we mentioned in the proof
of Proposition 4.1, if the order n is odd, then V1 can only contain simple ideals Al
with l even. 
In the following we rule out the 13 spurious cases. So far, we have only consid-
ered the compatibility of the affine structure with the projection of the generalised
deep hole to O(Λ). To use the full strength of Theorem 4.7 we classify (see Propo-
sition 5.1 and Proposition 5.2) all possible generalised deep holes in Aut(VΛ) with
given projection to O(Λ) and order n and show that none exist whose corresponding
orbifold constructions have the affine structures in Table 1.
Theorem 6.3. Let V be a strongly rational, holomorphic vertex operator algebra
of central charge 24 with V1 6= {0}. Then V1 is isomorphic to one of the 70 non-
zero Lie algebras in Table 1 of [Sch93], each uniquely specifying the affine structure
of 〈V1〉, and V is isomorphic to V orb(g)Λ for a generalised deep hole g ∈ Aut(VΛ),
projecting to one of 11 conjugacy classes in O(Λ) = Co0.
In Table 2 we list the 69 semisimple cases together with some properties of the
corresponding generalised deep holes in Aut(VΛ). The 11 conjugacy classes in O(Λ)
are exactly those given in Table 4 (and Tables 5 to 15) in [Höh17] where they arise
in a very different approach.
In [MS19] a generalised deep hole for each weight-one Lie algebra is explicitly
listed, thus providing a uniform proof of the existence of a strongly rational, holo-
morphic vertex operator algebra of central charge 24 for each of the 71 Lie algebras
on Schellekens’ list.
Proof. Given Lemma 6.1 and Proposition 6.2 it remains to eliminate the 13 poten-
tial spurious cases in Table 1. Using Proposition 5.1 and Proposition 5.2 we classify
the conjugacy classes of automorphisms g ∈ Aut(VΛ) of order n projecting to the
listed conjugacy class ν ∈ O(Λ). Then we show that either none of these classes g
is a generalised deep hole or that it is a generalised deep hole corresponding to one
of the 69 semisimple Lie algebras on Schellekens’ list.
The computationally most challenging part is the determination of the orbits of
the action of CO(Λ)(ν) on (Λν/n)/piν(Λ), which has nrk(Λ
ν)/|(Λν)′/Λν | elements.
This is performed on the computer using Magma [BCP97]. For the cases considered,
the computations take between seconds and a couple of minutes on a standard
desktop computer.
In order to prove that an automorphism in Aut(VΛ) is not a generalised deep
hole (see Definition 4.6) we show that it does not have type 0 (by computing the
conformal weight ρ(VΛ(g)), see Section 5), is not extremal or does not satisfy the
rank condition (2).
For the latter, we assume that the rank condition is fulfilled, which is equivalent
to (V gΛ )1 being a Cartan subalgebra of the semisimple Lie algebra (V
orb(g)
Λ )1, so
that the action of the zero modes of (V gΛ )1 on (V
orb(g)
Λ )1 yields the root space
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decomposition of (V orb(g)Λ )1. The action of (V
g
Λ )1 on the irreducible gi-twisted VΛ-
module VΛ(gi), i ∈ Zn, follows directly from the explicit construction in [DL96,
BK04] (see Section 5). We then consider the inclusions
(V gΛ )1 ⊕
⊕
i∈Zn
(i,n)=1
(VΛ(gi))1 ⊆ (V orb(g)Λ )1 ⊆ (V gΛ )1 ⊕
⊕
i∈Zn
i6=0
(VΛ(gi))1,
which allow us to compute a sub- and superset of the root system of (V orb(g)Λ )1,
including the lengths with respect to the unique non-degenerate, invariant bilinear
form 〈·, ·〉 on V orb(g)Λ normalised such that 〈1,1〉 = −1. This leads to a contradiction
if the sub- or superset is not compatible with the affine structure, for example, if
the root spaces would have to have dimension greater than 1.
Sufficient and necessary criteria for extremality can be derived from the dimen-
sion formula (see, e.g., Proposition 4.9 in [MS19]). For instance, if g is extremal,
then ρ(VΛ(gi)) ≥ 1 for all i ∈ Zn with (i, n) = 1.
We compute that in Aut(VΛ):
(1) There is exactly one conjugacy class of order 6 projecting to the conjugacy class
in O(Λ) with cycle shape 64 but its type is not 0.
(2) There is exactly one conjugacy class of order 4 projecting to the conjugacy class
in O(Λ) with cycle shape 46 but its type is not 0.
(3) There are exactly six conjugacy classes of order 8 projecting to the conjugacy
class in O(Λ) with cycle shape 46. Five of these do not have type 0, and one
has type 0 but does not satisfy the rank condition.
(4) There is exactly one conjugacy class of order 3 projecting to the conjugacy class
in O(Λ) with cycle shape 38 but its type is not 0.
(5) There are exactly two conjugacy classes of order 6 projecting to the conjugacy
class in O(Λ) with cycle shape 38 but their types are not 0.
(6) There are exactly eight conjugacy classes of order 12 projecting to the conjugacy
class in O(Λ) with cycle shape 38 but their types are not 0.
(7) There are exactly three conjugacy classes of order 4 projecting to the conjugacy
class in O(Λ) with cycle shape 2444. Two of these do not have type 0, and one
has type 0 but does not satisfy the rank condition.
(8) There are exactly 15 conjugacy classes of order 4 projecting to the conjugacy
class in O(Λ) with cycle shape 2444. 13 of these do not have type 0, and two
have type 0 but do not satisfy the rank condition.
(9) There are exactly 13 conjugacy classes of order 6 projecting to the conjugacy
class in O(Λ) with cycle shape 12223262. Nine of these do not have type 0, two
have type 0 but do not satisfy the rank condition, and the two remaining ones
are excluded below.
(10) There are exactly seven conjugacy classes of order 4 projecting to the conjugacy
class in O(Λ) with cycle shape 212. Five of these do not have type 0, and two
have type 0 but do not satisfy the rank condition.
(11) There are exactly 56 conjugacy classes of order 8 projecting to the conjugacy
class in O(Λ) with cycle shape 212. 50 of these do not have type 0, five have
type 0 but do not satisfy the rank condition, and one further case has type 0
but is not extremal since ρ(VΛ(g)) = 7/8 < 1.
It remains to study the two remaining conjugacy classes of order 6 and type 0
projecting to the conjugacy class in O(Λ) with cycle shape 12223262 from item (9).
The first conjugacy class is extremal. However, it is not difficult to see that
V
orb(g)
Λ cannot have affine structure D4,6B22,3 (nor can it have affine structure
A5,6B2,3A1,2, and so it cannot satisfy the rank condition).
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The second conjugacy class satisfies the rank condition and is extremal. Hence, it
is a generalised deep hole. However, it is again easy to see that V orb(g)Λ cannot have
affine structure D4,6B22,3. In fact, this conjugacy class can only yield (V
orb(g)
Λ )1 ∼=
A5,6B2,3A1,2, corresponding to case 8 on Schellekens’ list. 
We remark that in this work we only determine the 69 possible affine structures,
i.e. the affine vertex operator subalgebras 〈V1〉 ∼=
⊗r
i=1 Lgˆi(ki, 0), that can occur
in a strongly rational, holomorphic vertex operator algebra of central charge 24.
Schellekens, in contrast, also determines the possible decompositions of V as a
〈V1〉-module (see Table 1 in [Sch93]). He obtains that this decomposition is unique
up to an outer automorphism.
7. Towards a Uniform Uniqueness Proof
So far, the proof of the uniqueness of a strongly rational, holomorphic vertex
operator algebra of central charge 24 with a given non-zero weight-one space is scat-
tered over many publications [DM04a, LS19, LS15, LL20, EMS20b, LS20, KLL18].
A second potential application of Theorem 4.7 is a more uniform proof of this
uniqueness statement. In this section we demonstrate this approach for 43 of the
70 non-zero weight-one Lie algebras on Schellekens’ list. While we believe that this
method works in principle for all cases, we are currently restricted by computational
limitations.
Another uniform proof of the uniqueness statement is given in [HM20] based
on orbifold constructions not just associated with the Leech lattice but with all
Niemeier lattices.
It was conjectured in [MS19], Conjecture 5.10, that the cyclic orbifold construc-
tion g 7→ V orb(g)Λ defines a bijection between the algebraic conjugacy classes of gen-
eralised deep holes g ∈ Aut(VΛ) with rk((V gΛ )1) > 0 and the isomorphism classes
of strongly rational, holomorphic vertex operator algebras V of central charge 24
with V1 6= {0}.
The surjectivity of this map follows directly from Theorem 4.7 while the injec-
tivity is still open.
In the following we try to classify the generalised deep holes in Aut(VΛ). If
we can show that there is only one conjugacy class g of generalised deep holes
in Aut(VΛ) whose corresponding orbifold construction has a certain weight-one
Lie algebra g on Schellekens’ list, then any strongly rational, holomorphic vertex
operator algebra of central charge 24 with V1 ∼= g must be isomorphic to V orb(g)Λ ,
proving the uniqueness for this g. Moreover, we will have also added evidence to
the injectivity in the conjecture of [MS19].
Theorem 7.1. Let V be a strongly rational, holomorphic vertex operator algebra of
central charge 24 with weight-one space V1 6= {0}. Then the Lie algebra structure of
V1 uniquely determines the vertex operator algebra V up to isomorphism if V1 is one
of the 24 Lie algebras of rank 24 or corresponding to cases 2, . . . , 14 and 16, . . . , 21
on Schellekens’ list. Moreover, there is a unique conjugacy class of generalised deep
holes in Aut(VΛ) such that V orb(g)Λ ∼= V in these cases.
Proof. We begin with the case of rk(V1) = 24. Then V ∼= V orb(g)Λ for some gener-
alised deep hole g ∈ Aut(VΛ) projecting to ν ∈ O(Λ) with rk(Λν) = 24. This means
that ν = id, i.e. g is inner and conjugate to σh = e−(2pii)h0 for some h ∈ ΛC/Λ.
Recall that g = id is a generalised deep hole by convention and this is the unique
generalised deep hole g such that V orb(g)Λ ∼= VΛ. In the following we assume that
g 6= id or equivalently that V1 is semisimple.
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By the dimension formula in [MS19], the extremality of g implies ρ(VΛ(g)) ≥ 1.
On the other hand, for d ∈ ΛC, ρ(VΛ(σd)) = minα∈Λ+d〈α, α〉/2. Since the covering
radius of the Leech lattice is
√
2 [CPS82], the conformal weight can be at most 1
and it is 1 by definition if and only if d is a deep hole of the Leech lattice.
Hence, h must be a deep hole. The deep holes of the Leech lattice Λ were
classified in [CPS82] and it is shown that there are exactly 23 orbits of deep holes
in ΛC/Λ under the action of O(Λ) = CO(Λ)(id). This shows that there are at most
24 conjugacy classes of generalised deep holes with rk(Λν) = 24 in Aut(VΛ), each
one except for the identity represented by σh where h is a representative of a deep
hole of Λ. It is not difficult to see that each of the 23 deep holes in fact defines a
generalised deep hole in this way and based on [CS82] it is proved in [MS19] that the
orbifold constructions associated with these 23 generalised deep holes give exactly
the vertex operator algebras associated with the 23 Niemeier lattices other than
the Leech lattice. This proves the uniqueness of the 24 lattice cases on Schellekens’
list, i.e. the cases with rk(V1) = 24.
For the weight-one Lie algebras of rank less than 24 we proceed by classifying the
corresponding generalised deep holes on the computer using Magma [BCP97] similar
to the proof of Theorem 6.3. Recall that it was shown in [MS19] that there is at
least one generalised deep hole corresponding to each case on Schellekens’ list.
We compute that in Aut(VΛ):
(1) There are exactly six conjugacy classes of order 10 projecting to the conjugacy
class in O(Λ) with cycle shape 22102. Four of these do not have type 0, and
one has type 0 but does not satisfy the rank condition. The remaining class
must be a generalised deep hole corresponding to case 4 on Schellekens’ list.
(2) There are exactly four conjugacy classes of order 6 projecting to the conjugacy
class in O(Λ) with cycle shape 2363. Two of these do not have type 0, and one
has type 0 but does not satisfy the rank condition. The remaining class must
be a generalised deep hole corresponding to case 3 on Schellekens’ list.
(3) There are exactly 156 conjugacy classes of order 18 projecting to the conjugacy
class in O(Λ) with cycle shape 2363. 135 of these do not have type 0, and
four have type 0 but do not satisfy the rank condition. Of the remaining 17
classes 16 are not extremal. The remaining class must be a generalised deep
hole corresponding to case 14 on Schellekens’ list.
(4) There are exactly 25 conjugacy classes of order 8 projecting to the conjugacy
class in O(Λ) with cycle shape 12214182. 21 of these do not have type 0, and
three have type 0 but do not satisfy the rank condition. The remaining class
must be a generalised deep hole corresponding to case 10 on Schellekens’ list.
(5) There are exactly eight conjugacy classes of order 7 projecting to the conjugacy
class in O(Λ) with cycle shape 1373. Six of these do not have type 0, and one
has type 0 but does not satisfy the rank condition. The remaining class must
be a generalised deep hole corresponding to case 11 on Schellekens’ list.
(6) As was already discussed in the proof of Theorem 6.3, there are exactly 13
conjugacy classes of order 6 projecting to the conjugacy class in O(Λ) with
cycle shape 12223262. Nine of these do not have type 0, and three have type 0
but do not satisfy the rank condition. The remaining class must be a generalised
deep hole corresponding to case 8 on Schellekens’ list.
(7) There are exactly 194 conjugacy classes of order 12 projecting to the conjugacy
class in O(Λ) with cycle shape 12223262. 172 of these do not have type 0, and
eight have type 0 but do not satisfy the rank condition. Of the remaining 14
classes 13 are not extremal. The remaining class must be a generalised deep
hole corresponding to case 21 on Schellekens’ list.
SCHELLEKENS’ LIST AND THE VERY STRANGE FORMULA 21
(8) There are exactly six conjugacy classes of order 5 projecting to the conjugacy
class in O(Λ) with cycle shape 1454. Four of these do not have type 0, and one
has type 0 but does not satisfy the rank condition. The remaining class must
be a generalised deep hole corresponding to case 9 on Schellekens’ list.
(9) There are exactly 54 conjugacy classes of order 10 projecting to the conjugacy
class in O(Λ) with cycle shape 1454. 47 of these do not have type 0, and one
has type 0 but does not satisfy the rank condition. Of the remaining six classes
five are not extremal. The remaining class must be a generalised deep hole
corresponding to case 20 on Schellekens’ list.
(10) There are exactly nine conjugacy classes of order 4 projecting to the conjugacy
class in O(Λ) with cycle shape 142244. Six of these do not have type 0, and two
have type 0 but do not satisfy the rank condition. The remaining class must
be a generalised deep hole corresponding to case 7 on Schellekens’ list.
(11) There are exactly 94 conjugacy classes of order 8 projecting to the conjugacy
class in O(Λ) with cycle shape 142244. 82 of these do not have type 0, and
four have type 0 but do not satisfy the rank condition. Of the remaining eight
classes six are not extremal. The two remaining classes must be generalised
deep holes corresponding to cases 18 and 19 on Schellekens’ list.
(12) There is exactly one conjugacy class of order 2 projecting to the conjugacy
class in O(Λ) with cycle shape 212. This class must be a generalised deep hole
corresponding to case 2 on Schellekens’ list.
(13) There are exactly 14 conjugacy classes of order 6 projecting to the conjugacy
class in O(Λ) with cycle shape 212. Eight of these do not have type 0, four have
type 0 and satisfy the rank condition but are not extremal. The two remaining
classes must be generalised deep holes corresponding to cases 12 and 13 on
Schellekens’ list.
(14) There are exactly four conjugacy classes of order 3 projecting to the conjugacy
class in O(Λ) with cycle shape 1636. Two of these do not have type 0, and one
has type 0 but does not satisfy the rank condition. The remaining class must
be a generalised deep hole corresponding to case 6 on Schellekens’ list.
(15) There are exactly 24 conjugacy classes of order 6 projecting to the conjugacy
class in O(Λ) with cycle shape 1636. 18 of these do not have type 0, and one has
type 0 but does not satisfy the rank condition. Of the remaining five classes
four are not extremal. The remaining class must be a generalised deep hole
corresponding to case 17 on Schellekens’ list.
(16) There are exactly three conjugacy classes of order 2 projecting to the conjugacy
class in O(Λ) with cycle shape 1828. One of these does not have type 0, and
one has type 0 but does not satisfy the rank condition. The remaining class
must be a generalised deep hole corresponding to case 5 on Schellekens’ list.
(17) There are exactly 14 conjugacy classes of order 4 projecting to the conjugacy
class in O(Λ) with cycle shape 1828. Nine of these do not have type 0, and
one has type 0 but does not satisfy the rank condition. Of the remaining four
classes three are not extremal. The remaining class must be a generalised deep
hole corresponding to case 16 on Schellekens’ list. 
For the other cases on Schellekens’ list determining the conjugacy classes in
Aut(VΛ) and specifically the orbit representatives of the action of CO(Λ)(ν) on
(Λν/n)/piν(Λ) takes prohibitively long on a standard desktop computer.
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Appendix A. Tables
ν ∈ O(Λ) Rk. n Dim. Aff. Struct. [Höh17] [Sch93]
124 24
46 1128 D24,1 A1 [70]
30 744 D16,1E8,1 A2 [69]
30 744 E38,1 A3 [68]
25 624 A24,1 A4 [67]
22 552 D212,1 A5 [66]
18 456 A17,1E7,1 A6 [65]
18 456 D10,1E27,1 A7 [64]
16 408 A15,1D9,1 A8 [63]
14 360 D38,1 A9 [61]
13 336 A212,1 A10 [60]
12 312 A11,1D7,1E6,1 A11 [59]
12 312 E46,1 A12 [58]
10 264 A29,1D6,1 A13 [55]
10 264 D46,1 A14 [54]
9 240 A38,1 A15 [51]
8 216 A27,1D25,1 A16 [49]
7 192 A46,1 A17 [46]
6 168 A45,1D4,1 A18 [43]
6 168 D64,1 A19 [42]
5 144 A64,1 A20 [37]
4 120 A83,1 A21 [30]
3 96 A122,1 A22 [24]
2 72 A241,1 A23 [15]
1 24 C24 A24 [1]
1828 16
30 384 E8,2B8,1 B1 [62]
22 288 C10,1B6,1 B2 [56]
18 240 C8,1F 24,1 B3 [52]
18 240 E7,2B5,1F4,1 B4 [53]
16 216 D9,2A7,1 B5 [50]
14 192 D8,2B24,1 B6 [47]
14 192 C26,1B4,1 B7 [48]
12 168 E6,2C5,1A5,1 B8 [44]
Table 2. The 69 strongly rational, holomorphic vertex operator
algebras V of central charge 24 with V1 semisimple and the cor-
responding generalised deep holes in ν ∈ Aut(VΛ) (continued on
next page).
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ν ∈ O(Λ) Rk. n Dim. Aff. Struct. [Höh17] [Sch93]
1828 16
10 144 A9,2A4,1B3,1 B9 [40]
10 144 D6,2C4,1B23,1 B10 [39]
10 144 C44,1 B11 [38]
8 120 A7,2C23,1A3,1 B12 [33]
8 120 D25,2A23,1 B13 [31]
6 96 A25,2B2,1A22,1 B14 [26]
6 96 D24,2B42,1 B15 [25]
4 72 A43,2A41,1 B16 [16]
2 48 A161,2 B17 [5]
1636 12
18 168 E7,3A5,1 C1 [45]
12 120 D7,3A3,1G2,1 C2 [34]
12 120 E6,3G32,1 C3 [32]
9 96 A8,3A22,1 C4 [27]
6 72 A5,3D4,3A31,1 C5 [17]
3 48 A62,3 C6 [6]
212 12
46 300 B12,2 D1a [57]
22 156 B26,2 D1b [41]
14 108 B34,2 D1c [29]
10 84 B43,2 D1d [23]
6 60 B62,2 D1e [12]
2 36 A121,4 D1f [2]
18 132 A8,2F4,2 D2a [36]
10 84 C4,2A24,2 D2b [22]
6 60 D4,4A42,2 D2c [13]
142244 10
16 120 C7,2A3,1 E1 [35]
12 96 E6,4B2,1A2,1 E2 [28]
8 72 A7,4A31,1 E3 [18]
8 72 D5,4C3,2A21,1 E4 [19]
4 48 A33,4A1,2 E5 [7]
1454 8 10 72 D6,5A
2
1,1 F1 [20]
5 48 A24,5 F2 [9]
12223262 8 12 72 C5,3G2,2A1,1 G1 [21]
6 48 A5,6B2,3A1,2 G2 [8]
1373 6 7 48 A6,7 H1 [11]
12214182 6 8 48 D5,8A1,2 I1 [10]
2363 6 18 60 F4,6A2,2 J1a [14]
6 36 D4,12A2,6 J1b [3]
22102 4 10 36 C4,10 K1 [4]
Table 2. (continued)
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Dim. Aff. Struct.
25 A3,96B2,72
25 G2,96A2,72A1,48
25 B2,72A51,48
25 A22,72A31,48
26 A3,48A2,36A1,24
26 G2,48A41,24
26 B22,36A21,24
26 B2,36A22,36
26 A2,36A61,24
27 A4,40A1,16
27 B3,40A21,16
27 C3,32A21,16
27 A3,32A41,16
27 G2,32B2,24A1,16
27 B2,24A2,24A31,16
27 A32,24A1,16
27 A91,16
28 D4,36
28 A3,24B2,18A1,12
28 G22,24
28 G2,24A2,18A21,12
28 B22,18A2,18
28 B2,18A61,12
28 A22,18A41,12
30 A4,20A21,8
30 B3,20A31,8
30 C3,16A31,8
30 A23,16
30 A3,16A51,8
30 G2,16B2,12A21,8
30 G2,16A22,12
30 B32,12
30 B2,12A2,12A41,8
30 A32,12A21,8
30 A101,8
32 A4,15A2,9
32 B3,15A2,9A1,6
32 C3,12A2,9A1,6
32 A3,12G2,12A1,6
Dim. Aff. Struct.
32 A3,12A2,9A31,6
32 G2,12B2,9A2,9
32 G2,12A61,6
32 B22,9A41,6
32 B2,9A22,9A21,6
32 A42,9
32 A2,9A81,6
36 B4,14
36 C4,10
36 D4,12A2,6
36 A4,10A41,4
36 B3,10A3,8
36 C3,8A3,8
36 B3,10A51,4
36 C3,8A51,4
36 A23,8A21,4
36 A3,8B2,6A2,6A1,4
36 A3,8A71,4
36 G22,8A2,6
36 G2,8B2,6A41,4
36 G2,8A22,6A21,4
36 B32,6A21,4
36 B22,6A22,6
36 B2,6A2,6A61,4
36 A32,6A41,4
36 A121,4
40 D4,9A41,3
40 G22,6A41,3
42 B2,4A42,4
48 A6,7
48 D5,8A1,2
48 B4,7A41,2
48 C4,5A41,2
48 A5,6B2,3A1,2
48 D4,6G2,4A21,2
48 D4,6B22,3
48 D4,6A2,3A41,2
48 A24,5
48 A4,5B3,5A1,2
Dim. Aff. Struct.
48 A4,5C3,4A1,2
48 A4,5A3,4A31,2
48 A4,5G2,4B2,3
48 A4,5B2,3A2,3A21,2
48 A4,5A32,3
48 A4,5A81,2
48 B23,5A21,2
48 B3,5C3,4A21,2
48 C23,4A21,2
48 B3,5A3,4A41,2
48 C3,4A3,4A41,2
48 B3,5G2,4B2,3A1,2
48 C3,4G2,4B2,3A1,2
48 B3,5B2,3A2,3A31,2
48 C3,4B2,3A2,3A31,2
48 B3,5A32,3A1,2
48 C3,4A32,3A1,2
48 B3,5A91,2
48 C3,4A91,2
48 A33,4A1,2
48 A23,4B2,3A2,3
48 A23,4A61,2
48 A3,4G2,4B2,3A31,2
48 A3,4G2,4A22,3A1,2
48 A3,4B32,3A1,2
48 A3,4B2,3A2,3A51,2
48 A3,4A32,3A31,2
48 A3,4A111,2
48 G32,4A21,2
48 G22,4B22,3
48 G22,4A2,3A41,2
48 G2,4B22,3A2,3A21,2
48 G2,4B2,3A32,3
48 G2,4B2,3A81,2
48 G2,4A22,3A61,2
48 B42,3A2,3
48 B32,3A61,2
48 B22,3A22,3A41,2
48 B2,3A42,3A21,2
Table 3. The 221 solutions of equation (1) (continued on next page).
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Dim. Aff. Struct.
48 B2,3A2,3A101,2
48 A62,3
48 A32,3A81,2
48 A161,2
56 C23,3G2,3
56 G42,3
60 F4,6A2,2
60 D4,4A42,2
60 B62,2
60 B22,2A52,2
72 D6,5A21,1
72 A7,4A31,1
72 C5,3G2,2A1,1
72 D5,4C3,2A21,1
72 D5,4A3,2A41,1
72 D5,4A91,1
72 A5,3D4,3A31,1
72 A5,3G22,2A31,1
72 D4,3C3,2G2,2A31,1
72 D4,3A23,2G2,2
72 D4,3A3,2G2,2A51,1
72 D4,3G2,2A101,1
72 C33,2A31,1
72 C23,2A23,2
72 C23,2A3,2A51,1
72 C23,2A101,1
72 C3,2A33,2A21,1
72 C3,2A23,2A71,1
72 C3,2A3,2A121,1
72 C3,2G32,2A31,1
72 C3,2A171,1
72 A43,2A41,1
72 A33,2A91,1
72 A23,2G32,2
72 A23,2A141,1
72 A3,2G32,2A51,1
72 A3,2A191,1
72 G32,2A101,1
72 A241,1
Dim. Aff. Struct.
84 C4,2A24,2
84 B43,2
96 A8,3A22,1
96 E6,4B2,1A2,1
96 F4,3D4,2A22,1
96 F4,3B22,1A32,1
96 A25,2B2,1A22,1
96 D24,2B32,1
96 D24,2A52,1
96 D4,2B62,1A2,1
96 D4,2B22,1A62,1
96 B82,1A22,1
96 B42,1A72,1
96 A122,1
108 B34,2
120 C7,2A3,1
120 D7,3A3,1G2,1
120 E6,3C23,1
120 E6,3G32,1
120 A7,2C23,1A3,1
120 A7,2A3,1G32,1
120 D25,2A23,1
120 D5,2A53,1
120 C53,1A3,1
120 C33,1A3,1G32,1
120 C3,1A3,1G62,1
120 A83,1
132 A8,2F4,2
144 A9,2A4,1B3,1
144 D6,2C4,1B23,1
144 C44,1
144 C24,1A34,1
144 C4,1A4,1B43,1
144 A64,1
156 B26,2
168 E7,3A5,1
168 E6,2C5,1A5,1
168 A45,1D4,1
168 D64,1
Dim. Aff. Struct.
192 D8,2B24,1
192 C26,1B4,1
192 A46,1
192 A6,1B44,1
216 D9,2A7,1
216 A27,1D25,1
240 C8,1F 24,1
240 E7,2B5,1F4,1
240 A38,1
264 A29,1D6,1
264 D46,1
288 C10,1B6,1
300 B12,2
312 A11,1D7,1E6,1
312 E46,1
336 A212,1
360 D38,1
384 E8,2B8,1
408 A15,1D9,1
456 A17,1E7,1
456 D10,1E27,1
552 D212,1
624 A24,1
744 D16,1E8,1
744 E38,1
1128 D24,1
Table 3. (continued)
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